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On the quasi-depth of squarefree monomial ideals and the
sdepth of the monomial ideal of independent sets of a graph
Mircea Cimpoeas¸
Abstract
If J ⊂ I are two monomials ideals, we give a practical upper bound for the Stanley
depth of J/I, which we call it the quasi-depth of J/I. We compute the quasi-depth
of several classes of square free monomial ideals. Also, we study the Stanley depth of
the monomial ideal associated to the independent sets of a graph.
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Introduction
Let K be a field and S = K[x1, . . . , xn] the polynomial ring over K. Let M be a Z
n-graded
S-module. A Stanley decomposition of M is a direct sum D : M =
⊕r
i=1miK[Zi] as a
Zn-graded K-vector space, where mi ∈ M is homogeneous with respect to Z
n-grading,
Zi ⊂ {x1, . . . , xn} such that miK[Zi] = {umi : u ∈ K[Zi]} ⊂M is a free K[Zi]-submodule
of M . We define sdepth(D) = mini=1,...,r |Zi| and sdepthS(M) = max{sdepth(D)| D is a
Stanley decomposition ofM}. The number sdepthS(M) is called the Stanley depth ofM . In
[1], J. Apel restated a conjecture firstly given by Stanley in [16], namely that sdepthS(M) ≥
depthS(M) for any Z
n-graded S-moduleM . This conjecture proves to be false, in general,
for M = S/I and M = J/I, where I ⊂ J ⊂ S are monomial ideals, see [9].
Herzog, Vladoiu and Zheng show in [10] that sdepthS(M) can be computed in a finite
number of steps if M = I/J , where J ⊂ I ⊂ S are monomial ideals. However, it is
difficult to compute this invariant, even in some very particular cases. In [17], Rinaldo give
a computer implementation for this algorithm, in the computer algebra system CoCoA [8].
However, it is difficult to compute this invariant, even in some very particular cases. For
instance in [2] Biro et al. proved that sdepth(m) = ⌈n/2⌉ where m = (x1, . . . , xn).
In the first section, we give an upper bound for the sdepth(J/I), where I ⊂ J ⊂ S
are two squarefree monomial ideals, in numerical terms of the associated poset PJ/I , see
Proposition 1.1 and Corollary 1.2. We call this bound, the quasi-depth of J/I, and we de-
noted by qdepth(J/I). In Theorem 1.10, we give a sharp upper bound for the sdepth(S/I),
where I ⊂ S is a monomial ideal generated by squarefree monomials of degree m. Our
method can be useful in many cases. We consider the examples given by Duval, which
disprove the Stanley Conjecture, see Example 1.4 and 1.5. In the second section, where
we consider monomial ideals of independent sets associated to graphs. We give effective
bounds for the sdepth of quotient ring of these ideals, see Theorem 2.4 and Corollary 2.6.
We also propose an explicit formula, see Conjecture 2.7.
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vation is gratefully acknowledged.
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1 Main results.
We recall a construction firstly presented by us in [3]. Let P ⊂ 2[n]. If F,G ∈ P with
F ⊂ G, the interval [F,G] is the set {H ⊂ P : F ⊂ H ⊂ G}. Let P : P =
⋃r
i=1[Fi, Gi] be
a partition of P, i.e. [Fi, Gi] are pairwise disjoint intervals. We define the Stanley depth of
P, the number sdepth(P) = minri=1{|Gi|}. We define the Stanley depth of P, the number
sdepth(P) = max{sdepth(P) : P is a partition of P}.
For each 0 ≤ k ≤ n, we denote Pk = {A ∈ P : |A| = k} and αk = |Pk|. Assume that
sdepth(P) = d. It follows that P admits a partition P =
⋃r
i=1[Fi, Gi] with |Gi| ≥ d for all
i. Moreover, by [3, Proposition 2.2], we can assume that there exists some 1 ≤ q ≤ r such
that |Gj| = d for all j ≤ q and |Fj| ≥ d for all q < j ≤ r. See also, [17, Theorem 3.5].
We define β0 = α0, β1 = α1 − β0
(
d
1
)
and βk = αk − β0
(
d
k
)
− β1
(
d−1
k−1
)
− · · · − βk−1
(
d−k
1
)
,
for all 1 ≤ k ≤ d. By the proof of [3, Theorem 2.4], we get βk = |{i : |Fi| = k}, for all
0 ≤ k ≤ d. Obviously, the βk’s are non-negative. Thus, we have the following:
Proposition 1.1. ([3, Theorem 2.4]) If P ⊂ 2[n] with sdepth(P) ≥ d, then βk ≥ 0, for all
0 ≤ k ≤ d.
Note that the definition of βk’s do not depend on the partition of P. Let P ⊂ 2
[n]
be an arbitrary poset and let 0 ≤ d ≤ n be an integer. We say that the quasi-depth of
P is at least d, and we write qdepth(P) ≥ d, if and only if, by definition, the numbers
β0, . . . , βd, defined as above, are non-negative. We say that qdepth(P) = d if d ≤ n is the
largest integer with the property that β0, . . . , βd are non-negative. As a direct consequence
of Proposition 1.1, we get:
Corollary 1.2. sdepth(P) ≤ qdepth(P).
Of course, the computation of the invariant qdepth(P) is much easier than the com-
putation of sdepth(P), both from a theoretical point of view and, also, practical. Similar
techniques were presented in [12, Section 7.2.1] and [11, Section 5.2], with other terminology
and in a more general context.
We recall the method of Herzog, Vladoiu and Zheng [10] for computing the Stanley
depth of S/I and I, where I is a squarefree monomial ideal. Let G(I) = {u1, . . . , us} be
the set of minimal monomial generators of I. We define the following two posets:
PI := {C ⊂ [n] : supp(ui) ⊂ C for some i } and PS/I := 2
[n] \ PI .
Also, if I ⊂ J are two squarefree monomials ideals, we define PJ/I := PJ ∩ PS/I . Herzog
Vladoiu and Zheng proved in [10] that sdepth(J/I) = sdepth(PJ/I). We define the quasi-
depth of J/I, the number qdepth(J/I) := qdepth(PJ/I).
Remark 1.3. Let I ⊂ J ⊂ S be two squarefree monomial ideals, and let P = PJ/I . As
above, we denote Pk = {A ∈ P : |A| = k} and αk = |Pk|. Let J¯ = (J, x
2
1, . . . , x
2
n) and
I¯ = (I, x21, . . . , x
2
n). We claim that αj = dimK(J¯/I¯)j = HJ¯/I¯(j), for all 0 ≤ j ≤ n, where
HJ¯/I¯(−) is the Hilbert function of J¯/I¯.
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Indeed, a monomial u is in J¯ \ I¯ , if and only if u is square free and u ∈ J \ I. Also,
the sets of Pk are in bijection with the square free monomials of degree k from J \ I. Thus
we proved the claim. In particular, if J = S, then αj = HS/I¯(j). Also, if I = (0), then
αj = HJ¯(j).
Example 1.4. We consider the ideal I = (x13x16, x12x16, x11x16, x10x16, x9x16, x8x16, x6x16,
x3x16, x1x16, x13x15, x12x15, x11x15, x10x15, x9x15, x8x15, x3x15, x13x14, x12x14, x11x14, x10x14,
x9x14, x8x14, x10x13, x9x13, x8x13, x6x13, x3x13, x1x13, x10x12, x9x12, x8x12, x3x12, x10x11, x9x11,
x8x11, x6x10, x3x10, x1x10, x3x9, x5x7, x3x7, x2x7, x1x7, x5x6, x2x6, x1x6, x4x5, x3x5, x1x4,
x4x15x16, x2x15x16, x2x4x15, x6x7x14, x1x5x14, x4x12x13, x2x12x13, x2x4x12, x6x7x11, x1x5x11,
x4x9x10, x2x9x10, x2x4x9, x6x7x8, x1x5x8) ⊂ S = K[x1, . . . , x16].
According to [9, Theorem 3.5], it follows that sdepth(S/I) < depth(S/I). The explicit
computation of sdepth(S/I) is too hard for any computer. However, if we consider the
poset P = PS/I , one can easily check that α0 = 1, α1 = 15, α2 = 71, α3 = 98 and α4 = 42.
For d = 4, we have β0 = 1, β1 = α1− 4β0 = 12, β2 = α2−
(
4
2
)
β0−
(
3
1
)
β1 = 72− 6− 36 = 30
and β3 = α3−4β0−3β1−2β2 = 98−4−36−60 = −2 < 0. Therefore, qdepth(S/I) < 4 =
depth(S/I) = dim(S/I). Now, let P = PI . It follows that α0 = α1 = 0, α2 =
(
16
2
)
−71 = 49,
α3 =
(
16
3
)
− 98 = 462, α4 =
(
16
4
)
− 42 = 1778 and αk =
(
16
k
)
for all 5 ≤ k ≤ 16. One can
easily check that qdepth(I) ≥ 5 so, we can expect that sdepth(I) ≥ depth(I) = 5. Note
that, the Stalney conjecture is still open in the case of ideals.
Example 1.5. Let S = K[x1, . . . , x6], I = (x1x4x5, x4x6, x2x3x6) ⊂ S and J = (x1x2, x1x5,
x1x6, x2x3, x2x4, x4x6) ⊂ S. According to [9, Remark 3.6], we have sdepth(J/I) = 3 <
depth(J/I) = 4. However, if we denote P = PJ/I , we have α0 = α1 = 0, α2 = 5, α3 = 10
and α4 = 5. By straightforward computations, we get qdepth(J/I) = 4.
Proposition 1.6. If m = (x1, . . . , xn), then qdepth(m) =
⌈
n
2
⌉
.
Proof. Since sdepth(m) =
⌈
n
2
⌉
, see [2, Theorem 2.2], it is enough to prove that for d :=⌈
n
2
⌉
+ 1, the numbers βk’s are not all non-negative. Let P = Pm. We have α0 = 0 and
αk =
(
n
k
)
for all 1 ≤ k ≤ n. We get, β0 = 0, β1 = α1 = n. Therefore β2 = α2 − β1
(
d−1
1
)
=(
n
2
)
− n(d− 1) = n
2
(n− 1− 2
⌈
n
2
⌉
) < 0 and thus we are done.
Proposition 1.7. (See [6, Theorem 1.1]) Let In,m be the monomial ideal generated by all
the square free monomials of degree m. Then sdepth(In,m) ≤ qdepth(In,m) ≤
⌈
n−m
m+1
⌉
+m−1.
Proof. Let 0 ≤ d ≤ n be an integer. Note that α0 = α1 = · · · = αm−1 = 0 and αk =
(
n
k
)
for
all m ≤ k ≤ n. It follows that β0 = β1 = · · · = βm−1 = 1 and βm = αm =
(
n
m
)
. Therefore
βm+1 = αm+1 − dβm =
(
n
m+1
)
− d
(
n
m
)
. One can easily check that if d ≥
⌈
n−m
m+1
⌉
+m, then
βm+1 < 0. Therefore, qdepth(In,m) ≤
⌈
n−m
m+1
⌉
+m− 1.
Lemma 1.8. Let n ≥ 2, 1 ≤ d ≤ n be two integers. Let αk =
(
n
k
)
, for all 0 ≤ k ≤ d.
Let β0 = α0 and βk = αk − β0
(
d
k
)
− β1
(
d−1
k−1
)
− · · · − βk−1
(
d−k
1
)
, for all 1 ≤ k ≤ d. Then
βk =
(
n+k−d−1
k
)
, for all k ≤ n.
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Proof. In order to prove the Lemma, one has to check the identity:(
n
k
)
=
(
n− d
0
)(
d
k
)
+
(
n− d+ 1
1
)(
d− 1
k − 1
)
+ · · ·+
(
n + k − d− 1
k
)(
d− k + 1
0
)
,
for all 1 ≤ k ≤ d, which can be done be identify the coefficients of tk in the identity
(1 + t)n = (1 + t)n−d(1 + t)d.
Lemma 1.9. Let P = P ′ ∪ P ′′ ⊂ 2[n] such that P ′ ∩ P ′′ = ∅. Then sdepth(P) ≥
min{sdepth(P ′), sdepth(P ′′)}.
Proof. It is enough to notice that, given two partitions of P ′ and P ′′, one can obtain a
partition of P as the union of them.
Theorem 1.10. Let I ⊂ S be a squarefree monomial ideal generated in degree m < n with
g = |G(I)|.
(a) If
(
n+m−d−1
m
)
< g, then qdepth(S/I) ≤ d− 1. In particular, sdepth(S/I) ≤ d− 1.
(b) In particular, if
(
n−1
m
)
< g, then qdepth(S/I) = sdepth(S/I) = m− 1.
Proof. (a) Let P = PS/I . With the notations used in the first part of the section, we
have αk =
(
n
k
)
, for all 0 ≤ k ≤ m − 1, and αm =
(
n
m
)
− g. By Lemma 1.8, we get
βk =
(
n+k−d−1
k
)
for all 0 ≤ k < m and βm =
(
n+m−d−1
m
)
− g. Therefore, is βm < 0, it follows
that qdepth(S/I) ≤ d− 1 and thus the required conclusion follows.
(b) By (a), we get sdepth(S/I) ≤ qdepth(S/I) ≤ m−1. In order to prove the converse,
it is enough to notice that we can find partitions Pk of the poset 2
[n] with sdepth(Pk) = k
for any 0 ≤ k ≤ n. We can write P := PS/I = P
′ ∪ P ′′, where P ′ = {F ⊂ [n] : |F | < m}
and P ′′ = {F ∈ P : |P | ≥ m}. From the previous remark, sdepth(P ′) = m − 1. On the
other hand, sdepth(P ′′) ≥ m. It follows, by Lemma 1.9, that sdepth(P) ≥ m− 1, and thus
sdepth(S/I) ≥ m− 1.
In [14], D. Popescu proved a similar result for sdepth(I), namely, if
(
n−1
m
)
< g then
sdepth(I) = depth(I) = m, see [14, Remark 2.7].
2 Monomial ideal of independents sets of a graph
Let n ≥ 3 be an integer and let G = (V,E) be a graph with the vertex set V = [n] and
edge set E. A set of vertices S is independent if there are no elements i and j of S such
that {i, j} ∈ E. We denote by Ind(G) the set of all the independent sets of G. Let α(G)
be the maximal cardinality of an independent set of G, called the independence number
of the graph G. Let T := K[si, ti : i ∈ [n]] be the ring of polynomials in two sets of
n variables. For any S ∈ Ind(G), we consider the monomial mS :=
∏
i∈S si
∏
i/∈S ti. Let
I := (mS : S ∈ Ind(G)) ⊂ T . The ideal I is called the monomial ideal of independent
sets associated to the graph G. The algebraic invariants of I were studied by Olteanu in
[13]. Later on, Cook II studied some generalization of this ideals, see [7]. We recall several
results regarding the monomial ideal of independent sets.
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For any monomial m ∈ G(I) with m = mS , where S ∈ Ind(G), we denote m
(s) =∏
j∈S sj and m
(t) =
∏
j /∈S tj the s-part, respectively the t-part of m. Moreover, we denote
degs(m) = deg(m
(s)) and degt(m) = deg(m
(t)). We consider the lexicographic order on
K[s1, . . . , sn] induced by s1 > s2 > · · · > sn. Next, we define the monomial order ≻ on the
monomials of T , given by:m ≻ m′ if and only if degs(m) < degs(m
′) or, degs(m) = degs(m
′)
and m(s) >lex m
′(s). We assume that G(I) = {m1, . . . , mr}, where m1 ≻ m2 ≻ · · · ≻ mr.
Assume mi = mSi for Si ∈ Ind(G). Let Ii := (m1, . . . , mi) for all i ∈ [r]. Let ak be the
number of the number of independent sets with k elements of the graph G. With this
notations, we have the following result.
Theorem 2.1. ([13, Theorem 2.2],[13, Corollary 2.3]) (Ii−1 : mi) = (tr r ∈ Si), for all
i > 1. In particular, I has linear quotients and thus linear resolution. Moreover:
(a) reg(I) = n.
(b) βi(I) =
∑α(G)
k=0 ak
(
k
i
)
.
(c) pd(T/I) = α(G) + 1.
(d) dim(T/I) = 2n− 2.
(e) depth(T/I) = 2n− α(G)− 1.
(f) T/I is Cohen-Macaulay if and only if G is the complete graph.
In [15], Asia Rauf proved the following result:
Lemma 2.2. Let 0 → U → M → N → 0 be a short exact sequence of Zn-graded S-
modules. Then sdepth(M) ≥ min{sdepth(U), sdepth(N)} .
Remark 2.3. Let P be a set of squarefree monomials from T . If u, v ∈ T with u|v are two
monomials, we denote [u, v] := {w monomial : u|w and w|v}. Let P : P =
⋃r
i=1[ui, vi]
be a partition of P. We denote sdepth(P) := mini∈[r] deg(vi). Also, we define the Stanley
depth of P, to be the number sdepth(P) = max{sdepth(P) : P is a partition of P}.
We define the following two posets:
PI := {m ∈ T square free : ui|m for some i } and
PT/I = {m ∈ T square free : ui ∤ m for all i }
Herzog Vladoiu and Zheng proved in [10] that sdepth(I) = sdepth(PI) and sdepth(T/I) =
sdepth(PT/I). Let P = PT/I . Now, for d ∈ N and u ∈ P, we denote
Pd = {u ∈ P : deg(u) = d} , Pd,u = {u ∈ Pd : u|v}.
Note that if u ∈ P such that Pd,u = ∅, then sdepth(P) < d. Indeed, let P : P =
⋃r
i=1[ui, vi]
be a partition of P with sdepth(P) = sdepth(P). Since σ ∈ P, it follows that u ∈ [ui, vi]
for some i. If deg(vi) ≥ d, then it follows that Pu,d 6= ∅, since there are monomials in the
interval [ui, vi] with degree d which are divisible by u, a contradiction. Thus, deg(vi) < d
and therefore sdepth(P) < d.
Take u = s1 · · · sn−1t1 · · · tn−1 /∈ I. Since snu ∈ I and tnu ∈ I, it follows that Pu,2n−1 = ∅
and therefore sdepth(T/I) ≤ 2n− 2 = dim(T/I). Of course, this inequality could be also
deduced, more directly, from the fact that I is not a principal ideal.
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The main result of this section is the following Theorem.
Theorem 2.4. sdepth(T/I) ≥ depth(T/I).
Proof. We use induction on n ≥ 1. If n = 1, then I = (s1, t1) and thus sdepth(T/I) =
depth(T/I) = 2. Assume n ≥ 2. We consider the short exact sequence:
0→ T/(I : tn)→ T/I → T/(I, tn)→ 0.
Let T ′ = K[t1, . . . , tn−1, s1, . . . , sn−1] and let J ⊂ T
′ be the ideal of the independent
sets of the graph G′ = G \ {n}. Note that α(G′) ≤ α(G). Also (I : tn) = JT and therefore,
according to [10, Lemma 3.6], sdepth(T/(I : tn)) = sdepthT ′(T
′/J) ≥ 2+depthT ′(T
′/J) =
2 + 2(n− 1)− α(G′)− 1 = 2n− α(G′)− 1 ≥ 2n− α(G)− 1.
On the other hand, (I, tn) is generated by tn and all the monomials of the form mS with
S ∈ Ind(G) and n ∈ S. Let G′′ be the graph obtained from G be deleting the vertex {n}
and all the vertices adiacent to {n}. For convenience, we may assume that G′′ is a graph
on the vertex set [m] with m < n. Note that Ind(G′′) = {S \ {n} : S ∈ Ind(G), n ∈ S}.
Thus, α(G′′) ≤ α(G) and, moreover, (I, tn) = (tn, snL), where L is the ideal of independent
sets of G′′. Using the induction hypothesis, [10, Lemma 3.6] and [4, Theorem 1.4], we get
sdepth(T/(I, tn)) = 1+2m− 1−α(G
′′)+ 2(n−m− 1) = 2n− 2−α(G′′) ≥ 2n− 1−α(G).
Therefore, by Lemma 2.2 we are done.
Corollary 2.5. If G is the complete graph, then sdepth(T/I) = depth(T/I) = 2n− 2.
Proof. Since G is the complete graph, we α(G) = 1 and, moreover:
I = (t1 · · · tn, s1t2 · · · tn, . . . , snt1 · · · tn−1).
According to Theorem 2.1 and Theorem 2.4, it follows that sdepth(T/I) ≥ depth(T/I) =
2n − 2. On the other hand, by Remark 2.3, we have sdepth(T/I) ≤ 2n − 2, and thus we
are done.
Let g := |G(I)| the number of minimal monomial generators of I. Note that |G(I)| ≤∑α(G)
i=0
(
n
i
)
. We denote γ(G) = max{d :
(
3n−d−1
n
)
≥ g}. Note that n− 1 ≤ γ(G) ≤ 2n− 2.
Indeed, for d = n− 1, we have |G(I)| ≤ 2n and
(
3n−d−1
n
)
=
(
2n
n
)
≥ 2n for all n ≥ 1. On the
other hand, if d > 2n− 2, then 3n− d− 1 < n and therefore
(
3n−d−1
n
)
= 0 < 1 ≤ |G(I)|.
As a direct consequence of Theorem 1.10 and Theorem 2.4 we get the following corollary.
Corollary 2.6. depth(T/I) ≤ sdepth(T/I) ≤ γ(G) ≤ 2n− 2.
Our computer experimentations (see [8] and [17]) lead us to the following conjecture:
Conjecture 2.7. sdepth(T/I) = γ(G).
6
Remark 2.8. Note that if I is minimally generated by g >
(
2n−1
n
)
squarefree monomials
of degree n, Theorem 1.10(b) implies sdepth(T/I) = n− 1. So, the conjecture holds in this
very particular case. This is the case, for instance, when G is the discrete graph on n ≤ 3
vertices. Also, by Corollary 2.5, the conjecture holds for G the complete graph.
Moreover, if γ(G) = 2n−α(G)−1, then, by Corollary 2.6, it follows that sdepth(T/I) =
depth(T/I). Note that γ(G) = 2n − α(G) − 1 is equivalent to
(
n+α(G)−1
n
)
< g. This is a
special condition for a graph G, which holds rarely.
Example 2.9. Let G = (V,E) be the cycle of length 4, i.e. V = [4] and E = {{1, 2}, {2, 3},
{3, 4}, {4, 1}}. The independent sets of G are ∅, {1}, {2}, {3}, {4}, {1, 3} and {2, 4}. The
associated ideal I ⊂ T = K[s1, s2, s3, s4, t1, t2, t3, t4] of independent sets is generated by
m1 = t1t2t3t4, m2 = s1t2t3t4, m3 = s2t1t3t4, m4 = s3t1t2t4, m5 = s4t1t2t3, m6 = s1s3t2t4
and m7 = s2s4t1t3. By Theorem 2.1, one has reg(I) = 4, pd(T/I) = 3, dim(T/I) = 6 and
depth(T/I) = 5. Moreover, g = |G(I)| = 7 and thus γ(G) = 5, since
(
6
4
)
= 15 > 7, but(
5
4
)
= 5 < 7. According to Corollary 2.6, we get sdepth(T/I) = 5.
Let G = (V,E) by the line ideal of length 5, i.e. V = [5] and E = {{1, 2}, {2, 3}, {3, 4},
{4, 5}}. Note that Ind(G) = {∅, {1}, {2}, {3}, {4}, {5}, {1, 3}, {1, 4}, {1, 5}, {2, 4}, {2, 5},
{3, 5}, {1, 3, 5}}. We have α(G) = 3 and g = |Ind(G)| = 13. Note that γ(G) = 7 >
depth(T/I) = 6, since
(
7
5
)
= 12 > 13 and
(
6
5
)
= 6 < 13.
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